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ABSTRACT

In this paper we extend Enestrom-Kakeya theorem (Let P(z) = .1 a;z° be a
polynomial of degree n such that 0<ag < a; < ... < ay, then all the zeros of
P(z) lie in |z| < 1) for polynomials with complex coefficients the result of [8]
have been generlized by relaxing the hypothesis in different ways by considering
complex coefficients.
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1. INTRODUCTION

Location of zeros of a polynomial is a long standing classical problem [1,3-5,8,9,11-13].
It is an interesting area of research for engineers as well as mathematicians and many
results on the same topic are available in literature. Here we make an attempt to extend
some of the known result for real coefficients to complex coefficients. Existing results
in the literature also show that there is a need to find bounds for special polynomials,
for example, for those having restrictions on the coefficients,there is always a need for
refinement of results in this subject. The well known result in the theory of distribution
of zeros of polynomials is the following:

Theorem A;. [2, 7] : Let P(z) = Y., a;z" be a polynomial of degree n such that
0<ag < aj < ... < a,_1 < ay, then all the zeros of P(z) lie in |z| < 1.
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AJoyal, G.Labelle and Q. I. Rahman [6] obtained the following generalization, by
considering the coefficients to be real, instead of being only positive.

Theorem A,. Let P(z) = >, a;2" be a polynomial of degree n such that ag < a; <
. < an_1 < ay, then all the zeros of P(z) lie in |z| < ﬁ{an —ag + |apl}-

Theorem As. [10] : Let P(z) = Y. ,a;z" be a polynomial of degree n with real
coefficients such that

Qo S (451 S S Am—1 S A Z Am+1 Z Z ap—1 Z Q.

Then all the zeros of P(z) lie in

1
2] < o [2am + lao] = (a0 + fan ).

Theorem Ay. [8] : Ler P(z) = Y., a;z" be a polynomial of degree n > 2 with real
coefficients such that a, > ap_1 < Q9> Ay 3 < Qg > ... <ag > a3 < ag > a; <

ag if n is even

OR
Up 2 Q1 S Ap2 2 Uy 3 < Apg > ... > ag < ag 2> ag < ap > ag if nis odd
then all the zeros of P(z) lie in
|z| < |a—i‘{|a0\+a0+an+2([an,2 +apg+....+agtas]—|ap_1+a,_3+....a3+ai1])}
if nis even (OR)
|z| < |a—1n‘{an +2([ap—o+ an-a+ ... + a3+ a1] — [ap_1 + an_3+ ....ay + az])}
if nis odd

In this paper we want to prove the following results.

Theorem 1. Let P(z) = Z?:o ;20 be a polynomial with complex coefficients of degree
n > 2 with Re(a;) = a; and Im(o;) = bj for j =0, 1,2, ...,n such that

Ap 2 Ap1 S Ay 2> Q3 < Apyg > ... < ay > a3 < ax > ap < ag and

by 2 bp1 <bp92>by3<0byyg>..<by2>0b3<by>b <byifniseven
OR

Up 2> 1 S Ay 2 U3 < poyg > ... > ay < ag > ag < ayp > ag and

by 2 bp1 <bp92>by3<0byyg>..2by <bg<by< b >byifnisodd
then all the zeros of P(z) lie in
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’ ’ %{]ao!+ao+an+2([an o+ Qp_g + .. +@4+a2]—[an71+an,3+....a3+

ai]) + |bo| + bo + by + 2([bn—2 + bp—g + ... + by +bo] — [bn_1 + bp_3... + b3 + 51])] if

n is even
OR

|z| < |a—1n‘ []a0| —ag+ an+2(Jano+ang+ ... +as+a)] —[ap1+a, 3+ ...as+

GQ]) + ‘bo’ — bo + bn + 2([bn,2 + bn,4 4+ ...+ b3 + bl] — [bn,1 + bnfg... + b4 + bg]):| lf
n is odd

Corollary 1. Let P(z) = Z?:o a;z! be a polynomial with complex coefficients of
degree n > 2 with Re(o;) = a; > 0 and Im(a;) = b; > 0for j = 0,1,2,....n such
that

Up > 1 < Apg 2 Ap_3 < Ap_y > ... < ag > a3 < ax > ay < ag and

bp > by 1 <by9>b, 3<by,y>...<by>03<by>by <bgyifniseven
OR

Up > 1 < Apg 2 Ap_3 < Ap_y > ... 2> ag < agz > az < ay > ag and

by 2 by1 <byp2>bp3<0byy>..2by<b3<by< by =>bgifnisodd
then all the zeros of P(z) lie in

|z| < |a—1n‘ [an +2([apn—2 + Gpn-a+ ... + ag+ ag + ao] — [apn_1 + ap_3+ ....a3 + a1]) +

+b, + 2([br—2+ bp_a+ ... + by +bo + bo] — [br_1 + by_3... + b3+ bl])} if n is even
OR
|Z| < ‘ |:an+2([an 2+an 4+ +a3+a1] [an—1+an—3+~---a4+a2])+bn+

2([bn_2 + bn_4 + ...+ bg + bl] - [bn—l + bn_g... + b4 + bg]):| lfn is odd

Remark 1. By taking a; > 0,b; > 0 for j = 0,1,2,...,n in the Theorem 1,then it
reduces to Corollary 1

Theorem 2. Let P(z) = ZZ‘ o ;2" be a polynomial with complex coefficients of degree
n > 2 with Re(o;) = a; and Im(o;) = b; for i = 0,1,2,3,...,n such that for some
k>1,0>0,
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kap, > an-1 < apo > ap—3 < apy.... <ag > az < ay > ay < ag+ 0 and
kb, > b1 <bp_o>by_3<by_yg....< by >b3<by>b; <by+0difniseven

OR
ka, > ap-1 < Qp_9 > Qp-3 < Qp_yg.... > Qg < a3z > as < a; > ag — 0 and
Kby > b1 <bpo > b3 < byy.o.. > by < by > by < by > by — 0 ifnisodd
then all the zeros of the polynomial P(z) lie in
|z+k—1] < |O+n|{kan+|a0|+a0+25+2[(an_2+an_4++...+a4+a2)—(an_1+an_3+...+
az+ay)]+kb,+|bo|+bo+20+2[(by—2+by—ar+...+bs+bo) — (b1 +by_3+...+b3+0b1)] }
if nis even OR
[e+k—1] < o {kant]aol—ao+20+2[(an-2+an—sr+... +aztar) = (@1 +ap—s+..+
ag+as)|+kby,+|bo|—bo+20+2[(b—2+bp—ay+...+b34+b1) — (b1 +by_3+...+bs+b2)] }
if nis odd

Corollary 2. Let P(z) = >, ;2" be a polynomial with complex coefficients of degree
n > 2 with Re(«;) = a; and Im(ay) = b; fori = 0,1,2,3,...,n such that for some
k>1,
kap, > ap1 < ap_g > ap—3 < apy.... <ag > a3 < ag > a; < ag and
kb, > by 1 <byp9>0b,3< by y4.... <bg >0b3< by >by < byifniseven

OR
kan, > apn_1 < ap—g > ap—3 < apyg.... > ag < az > ay < ay > ag and
kb, > b1 <byo>by3<Dby g.... > by <bg>by < by >bgifnisodd
then all the zeros of the polynomial P(z) lie in
|2k =1] < g {kan+|ao| +ao+2[(an—2+ap—ss + ... Fas+as) = (an1 +an_z+..+
as+ar)]+ kb, +|bo| +bo+2[(by—o+bp_ay+ ... +bs+b2) — (b1 +bp_g+...+b3+b1)]}
if nis even

OR
lz+k—1] < ﬁ{kan—i—]aol—a0+2[(an,g+an,4++...+a3—|—a1)—(an,1+an,3+...—|—
as+as)|+ kb, +|bo| —bo+2[(by—2+bp_ay+...+b3+b1) — (b1 + s+ ... +bs+b2)]}
if nis odd

Remark 2. By taking o = 0 in the Theorem 2 , then it reduces to Corollary 2

Theorem 3. Let P(z) = Y1  a;z" be a polynomial with complex coefficients degree
n > 2 with Re(o;) = a; and Im(a;) = b; fori = 0,1,2, ..., n such that
Up < Op1 2 Oy S Ap3 2 Apg < o 2 ag S a3 2 az < ap 2 ao,
by <bp12by90<by3>b,4<...2by <b3 >0y < by >bgifniseven
OR
p < Op1 2 Apg < Ap-3 2 Apg < .o S ag 2> a3 < ag 2 ap < ap,
by <bp1 2>bpo <bpg>byy < ... <by>b3 < by>by < bifnisodd
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then all the zeros of P(z) lie in
|z| < |a—1n‘ [|a0| —ap— ap+2([ap_1+apn_s+...+azs+a] —[an2+ana+...+as+
as]) + [bo| = bo — by + 2([bp—1 + bp—z + ... + b+ b1] = [bu—a + bys + ... + by + bs])]
if nis even

OR
|z| < |a—1n‘ [|a0| +ao—an+2([an2+tana+...+ast+a] —[apn1+ans+...+as+

ag]) + ‘bo| + bo — bn + 2([bn_2 + bn_4 + ...+ bg + bl] — [bn—l + bn_g + ...+ b4 + bg])]
if nis odd

Corollary 3. Let P(z) = Y, ;2" be a polynomial with complex coefficients degree
n > 2 with Re(a;) = a; > 0 and Im(a;) = b; > 0 fori =0,1,2,...,n such that
Up < Gp1 2 Apg S Ap-3 2 Apg < oo 2 ag S ag 2> ag < ap 2 ag,
by <bp1 >bpo <bpg>byy < ... >by < b3 >by < by > by ifniseven
OR
Up < Gp1 2 Op2 < Ap3 2 Apg < oo < ag 2 ag < ag 2> ap < ao,
by <bp1 2>byo <bp3>byy<...<by2>b3 < by>by < bifnisodd
then all the zeros of P(z) lie in
|z| < L[2([(JLn_1 + a3+ ...+ a3+ a)] — [ap—o+ Gpyg + ... + ag + a3]) — an +

o |

+2([bn-1 + bp—g + ... + b3+ b1] — [buo + by—s + ... + ba + ba]) — by] if nis even

OR
|z| < |a—1n‘[2([an_2 +ap4+...+tazt+ar+a] —[an1+an3+...+as+as]) —a,+

—|—2([bn_2 +byp_g+ ...+ bg+ b + bo] — [bn—l +by_3+..+bs+ bz]) — bn} zfn is odd

Remark 3. By taking Re(«o;) = a; > 0,Im(a;) = b; > 0 for i =0,1,2,..,n in the
Theorem 3 ,then it reduces to Corollary 3.

Theorem 4. Let P(z) = Y ! ;2" be a polynomial with complex coefficients of
degree n > 2 with Re(o;) = a; and Im(a;) = b; for i = 0,1,2,...,n such that
for 0<r,s<1,6 >0,7>0
Ty < Q1 2 Apg < U3 > Qpy < ... > ag < az > az < ayp > ag — 0,
Sby < by 1 >0y 9< by 3>b, 4 <...204<b3>by< by >by—nifniseven

OR
T < po1 > Apo < Apo3 > Apg <o <ag > a3 < ag > ay < ag+ 6,
Sbp < by_1 2 byo <bp32>byy < ... < by >b3 < by >0y < bg+nifnisodd
then all the zeros of the polynomial P(z) lie in
|z| < @{25 + |an| + |ao] — a0 — r(|an| + an) + 2[(@n_1 + @pn_3 + .... + az + a1) —
(@n—o + Gp-a+ ... +as+a2)] + 20+ |bn| +|bo| — bo — 5(|bn| + bn) + 2[(bp—1 + b3 +
oot b3+ b1) = (bp—o + byg+ ... + by + o)} if nis even
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OR
2] < ﬁ{% + |an| + |ao] + ag — r(|an| + an) + 2[(an-1 + @p_sg + .... + a4 + a3) —
(Qp—g+ Gpnyg+ ...+ a3+ a1)] + 20+ |ba| + |bo| + bo — s(|bp| + bn) + 2[(br—1 + b3 +
T b4 + bg) — (bn,Q + bn,4 + ...+ bg + bl)]} lfl’l is odd

Corollary 4. Let P(z) = > ;2" be a polynomial of degreen > 2 with Re(a;) =
a; and Im(«;) = b; fori =0,1,2,...,n such that for 0 <r,s <1
TOp < Ap1 2 Qp2 S Ap3 2 g < oo 2 ag < ag 2> az < ay 2> ag,
Sby < bp1 >0y 9< by 3>2b, 4 <...204<b32>by< by >byifniseven

OR
Tap < Gpo1 2 G2 < Ap-3 2 Apg < .0 S ag 2 a3 < ag 2 ap < ayp,
Sbyp <bpo1 2 bpg <bp32>bp gy < ... < by 203 < by >0y < byifnisodd
then all the zeros of the polynomial P(z) lie in
2] < Gopdlan] +laol — a0 — r(lan] + an) + 2[(an-1 + an-s + ... + a3 + 1) — (@n-2 +
Upg 4 .. + ag+ a2)] + |ba] + |bo| — o — s(|bn] + bn) + 2[(bn—1 + b3+ ... + b3+
b1) — (bp—a + bypg + ... + by + b2)]} if nis even

OR
|z] < ﬁ{\an\ + |ao| + ap — r(|an| + an) + 2[(@n-1 + @n-3 + ... + ag + az) — (a2 +
Ap_g+ ... +az+ ar)] + |bu| + bo| + bo — s(|bp| + bn) + 2[(bp—1 + bp—g + ... + by +
by) — (bp—a +bypg + ... + bs + b1)]} if nis odd

Remark 4. By taking 6 = 0, n = 0 in the Theorem 4, then it reduces to Corollary 4.

2. PROOF OF THE THEOREMS

Proof of Theorem 1. Let P(2) = a,,2" + a 12" + ..+ a32® + a2 + a2 + ag be
a polynomial with complex of degree n > 2 with a; = a; +ib;jfor j =0,1,2,...,n.
Then consider the polynomial

Q(z) =(1—2)P(z)
= — anzn+1 + (an — Ozn_l)Zn + (Oén—l - an—Q)Z

+ (pg — p_3)2" 2 4 o+ (g — )z + ap.

n—1

= — 2"+ (A — n1) 2" F (Gn1 — Gpg)2"

4 (Gpg — An_3)2""? 4+ ...+ (a1 — ag)z + ag
-+ ’l{(bn — bn,1>2n + (bn,1 — bn,2>2n71
-+ (bn_g — bn_g)Zn_2 + ...+ (bl — bo)Z + bo}

1
If|z|<1then —| | ->1 fori=20,1,2,.....,n — 1.
ZTL—Z
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Now |Q(2)] = a2 = {lan — ap-1|l2]" + |an-1 — an—sl[2["™"
A an—g — an_s||2|" 2+ ...+ |as — ag]|2]?
+ lag — ar]]2[* + a1 — aol|z] + |ao]
+ [bn = baal[2]" + [y — baa 2"
+ bpa — bu_s||z|" 2+ ...
+ b3 — bal|2[* + |ba — bu||2]* + [b1 — bo||z] + |bol}

1
Z|an||z|n |Z| - |an| {|an - an—1|
a1 —ano| | |ano—an3 a3 — as
+ |Z| + |Z|2 + ... |Z|”_3
|a2 - a1| \al - ao! |a0\
b b
P e T e
+ |bn—1 - bn—2| + |bn—2 - bn—3| 4o
|z|* 2|2
|bg — 2| |by — b1 b1 —bo|  |bol
IR F T P Pr
1
ol 121 = il = ol + ot —
n

+|an,2—an,3\+ ..... +|a3—a2\+\a2—a1|+|a1—a0]

419

+ |ao| + [bn, — bu—1| + |bue1 — bp—a| + [bp—a — by—s| + ... + |b3 — bo|

-H@—m+wrwa+mﬂ
1

||

{(an — an_1)

zmmw@a—

+ (an_l — an_g) + (Gn_Q — &n_g) + ... + (&2 — ag) + (ag — al)

+ (GO - al) + |a0| + (bn - bn—l) + (bn—l - bn—2)
+ (b2 — bp_3) + ... + (by — b3) + (bs — by)
+ (bg — b1) + |b0\}} if niseven ,by hypothesis

n 1
ZWMd@a———

{|CLO| + Qo + an + 2([a/n—2 + Ap—4 + + ay —|— CLQ]
- [anfl + Ap—3 + ....as =+ al])
+ [bol + bo + by + 2([bn—2 + bp—s + ... + by + by

— [bn—l + by_3... + b3 + bl])} >0
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if |z|>{lao| + ao + an + 2([an—2 + Gp_a+ ... + ag + ao]
— [an—1 4+ an_3+ ....az + a1]) + |bo| + bo + bn,
+2([bn—2 + bp—a + ... +bs + ba] = [b—1 + bp—3... + b3+ 1))}
This shows that if |z| > 1 then |Q(z)| > 0 whenver

1
|z|>a—{|a0| + ag + a,, + 2([an_2 +ap_g+ ... +aq4 + CZQ]

|

- [CLn_l + Qp_3 + ....a3 + al]) -+ |bo| + b() + bn

+2([bn—2 + bpa + ... +bg +b2] — [by—1 + bp3... +b3+01])}
Hence all the zeros of Q(z) with |z| > 1 lie in

1
]z]<m{|a0] +ag+ an + 2([an—o + ap_g + ... + ag + as

- [an_l + Qp_3 + ....a3 + al]) -+ |b0| + bo + bn

+2([bp2+ by g+ ... +by+ b2 — [bp1+bys... +b3+0b1])}if niseven
But the zeros of Q(z) whose modules is less than or equal to 1 already satisfy the above
inquality. Since all the zeros of Q(z) lie in the circle defined by the above ineauality ,
we conclude that the proof of the Theorem 1 is complete, if n is even. Similarly we can

also prove for odd degree polynomials. For this we can rearrange the terms of the given
polynomial and compute as above. That is if n is odd then all the zeros of P(z) lie in

1
|Z| < m |CLO| — ap + a, + 2([6Ln,2 +ap—g+....+az+ al]

— a1+ ap3+....as + ay))
+ |bo| — bo + bp + 2([br—2 + by—a + ... + b3 + by]

— [bn—1 4+ bp—g... + s+ o)) |-
This completes the proof of the Theorem 1.

Proof of Theorem 2. Proof of theorem 2 is similar to the proof of theorem 1.
Proof of Theorem 3. Proof of theorem 3 is similar to the proof of theorem 1.

Proof of Theorem 4. Proof of theorem 4 is similar to the proof of theorem 1.
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